The system of compressible adiabatic flow through porous media is considered in R 3 in the present paper. The global existence and uniqueness of classical solutions are obtained when the initial data is near its equilibrium. We also show that the pressure of the system converges to its equilibrium state at the same L 2 -rate (1 + t) − 3 4 as the Navier-Stokes equations without heat conductivity, but the velocity of the system decays at the L 2 -rate (1 + t) 
Introduction
The motion of compressible adiabatic flow can be modeled by the compressible Euler equations with frictional damping terms, say, the following balance laws:
   ∂ t ρ + ∇ · (ρu) = 0, ∂ t (ρu) + ∇ · (ρu ⊗ u) + ∇p = −aρu, ∂ t (ρE ) + ∇ · (ρuE + up) = −aρu 2 ,
for (t, x) ∈ [0, +∞) × R 3 . Here ρ, u = (u 1 , u 2 , u 3 ) t and p denote the density, the velocity, and the pressure respectively. The total energy E = |u| 2 2 + e, where e is the internal energy. The constant a > 0 models friction. In this paper, we will consider only polytropic fluids, so that the equations of state for the fluid is given by p = Rρθ, e = c v θ,
where R > 0, c v > 0 are the universal gas constant and the specic heat at constant volume respectively. In the case of isentropic flow where s=const., (1.1) takes the form
For one dimension, the system (1.2) is hyperbolic with two characteristic speeds λ = u ± p ′ (ρ). As a vacuum appears, it fails to be strict hyperbolic. Thus, the system involves three mechanisms: nonlinear convection, lower-order dissipation of damping and the resonance due to vacuum. The global existence of a smooth solution with small data was first proved by Nishida [23, 24] , and the behavior of the smooth solution was studied in many papers, the reader can refer to [1, 2, [5] [6] [7] 10, [12] [13] [14] [15] 18, 20, 21, 30, 32] and references therein. In multi-dimension space, Wang-Yang [29] considered the timeasymptotic behavior of solutions in multi-dimensions, the global existence and pointwise estimates of the solutions were obtained. Sideris-Thomases-Wang [27] proved that damping prevents the development of singularities in small amplitude classical solutions in three-dimensional space, using an equivalent reformulation of the Cauchy problem to obtain effective energy estimates. Fang-Xu [4] studied the existence and asymptotic behavior of C 1 solutions to the multi-dimensional space on the framework of Besov space. Jang-Masmoudi [16] studied well-posedness of compressible Euler equations in a physical vacuum. The optimal estimates was obtained by Tan-Wu [28] . For initial boundary value problem, refer for instance to [10, 26] and references therein.
For the adiabatic flow where s = const., much less is known. For one dimension, the global existence of smooth solutions to the Cauchy problem has been proved in [11] and [31] for small initial data. The problem of large time behavior of these solutions is known only for some particular initial data; see [8, 22] . For initial boundary value problem, refer for instance to [9, 25] and references therein.
From the physical point of view, the multi-dimensional case of model (1.1) describes more realistic phenomena. Also the multi-dimensional compressible Euler equations carry some unique features, such as the effect of vorticity, which are totally absent in the one dimensional case and make the problem more mathematical challenge, system (1.1) and its time-asymptotic behavior are of great importance and are much less understood than its one dimensional companion. To our knowledge, there is not any work for the full system (1.1) in R 3 . The study of this paper is motivated by Duan-Ma [3] , where the authors considered the compressible Navier-Stokes equations without heat conductivity in terms of the variables p, u and s. It is well-known that all thermodynamics variables ρ, θ, e, p as well as the entropy s can be denoted by functions of any two of them. We take the two variables to be p and s. Then the equation of state for the gas is then given by
where k > 0 is a constant. Under the aforementioned assumptions, the system (1.1) in terms of the variables p, u and s reads
where ρ = ρ(p, s) is defined by (1.3). Notice that (1.4) is a hyperbolic system, where the dissipation comes from damping. We consider the initial value problem to (1.3) in the whole space R 3 with the initial data
where p ∞ > 0 and s ∞ are given constants. Before we state the main results, let us introduce some notations for the use throughout this paper. C denotes some positive constant. The norms in the Sobolev Spaces H m (R 3 ) and W m,q (R 3 ) are denoted respectively by || · || m and || · || m,q for m ≥ 0 and q ≥ 1. In particular, for m = 0 we will simply use || · || and || · || L q . Moreover, we use ·, · to denote the inner product in L 2 (R 3 ). Finally,
and for any integer l ≥ 0, ∇ l f denotes all derivatives of order l of the function f . And for multi-indices α and β
we use 
Moreover, there exists a constant C 0 such that for any t ≥ 0,
Finally, there is a constant C 1 such that for any t ≥ 0, the solution (p, u, s) has the decay properties
The rest of the paper is organized as follows. We will reformulate the problem in Section 2. In section 3, we take Hodge decomposition to analyze linearized system and establish the L 2 time-decay rate. The proof of Theorem 1.1 is given in Section 4 and 5.
Reformulated system
In this section, we first reformulate the problem as follows. Set
where
Here and in the sequel, for the notational simplicity, we still denote the reformulated variables by (p, u, s).
Let us define the solution space and the solution norm of the initial value problem (2.1) by
and
for any 0 ≤ T ≤ ∞. The local existence and uniqueness of H 3 solution can be established by following the methods in Kato [17] or Majda [19] .
Then there exists a positive constant T 0 depending on N(0, 0) such that the initial value problem (2.1) has a unique solution (p, u, s) ∈ X(0, T 0 ) which satisfies N(0, T 0 ) ≤ 2N(0, 0) and inf
To prove global existence of a smooth solution with small initial data, we establish global a priori estimates of the solution.
Proposition 2.2 (A priori estimate). Let
. Suppose that the initial value problem (2.1) has a solution (p, u, s) ∈ X(0, T ), where T is a positive constant. Then there exist a small constant ǫ > 0 and a constant C 2 , which are independent of T , such that if
3)
Furthermore, there is a constant C 3 such that for any t ∈ [0, T ], the solution (p, u, s) has the decay properties ||p(t)|| ≤ C 1 (1 + t) The linearized equations corresponding to system (2.1) is
We take Hodge decomposition to analyze the first two of linearized system (3.1).
For r ∈ R, we denote by Λ r the pseudo differential operator defined by Λ r f = F −1 (|ξ| rf (ξ)). Let v = Λ −1 div u be the "compressible part" of the velocity and
be the "incompressible part", then the first two of linearized system (3.1) writes
Indeed, as the definition of v and ω, and relation
involve pseudo-differential operators of degree zero, the estimates in space H l (R 3 ) for the original function u will be the same as for (v, ω).
This section is devoted to the proof of the following results.
, and U = (p, u) satisfies the first two equation of system (3.1). Let v := Λ −1 div u and ω := Λ −1 curl u. Then there exists a constant C such that for 0 ≤ |k| ≤ l,
Proof: The estimate for ω is obvious, so let us focus on the first two equations of (3.2). In terms of the semigroup theory for evolutionary equation, the solution (p, v) of the first two equation of system (3.2) can be expressed via the Cauchy problem for
which gives rise to
What is left is to analyze the differential operator B in terms of its Fourier expression A and show the long time properties of the semigroup S(t). Taking the Fourier transform with respect to the space variable yields
The characteristic polynomial of A(ξ) is λ 2 + aλ + κ 2 2 |ξ| 2 and possesses two distinct roots:
The semigroup e tA is expressed as
where the project operators P ± can be computed as
By a direct computation, we can verify the exact expression the Fourier transform G(ξ, t) of Green's function G(x, t) = e tB aŝ G(ξ, t) =: e tA = e
To derive the long-time decay rate of solutions whatever in L 2 framework or on point-wise estimate, we need to verify the approximation of the eigenvalues (3.7), we are able to obtain that it holds for |ξ| ≪ 1 that
10)
To enclose the esimates, we also need to deal with the high frequency |ξ| ≫ 1. By a direct computation, we have the following lemma: Lemma 3.2. For any given constant η > 0, there exist two positive constant C and R 0 which are just dependent of η such that
where ||| · ||| denotes the norm of matrix for simplicity.
Let us now tackle the proof of (3.5) and (3.6). The proof relies on the use of explicit expression forp,v. By (3.8), we havê
Combining (3.9), (3.10) and Lemma 3.2, we have the L 2 -decay rate for p as
(3.12)
Taking the same argument, we have the L 2 -decay rate for v as
The L 2 -decay rate on the derivatives of (n, u) as
and 15) for k ≥ 1. By the relation between u and (v, ω), we can easily get the estimate for u:
The proof of proposition 3.1 is completed.
We also need the following Sobolev's inequalities.
A priori estimates
We suppose that the inequality (2.2) holds throughout this section and next section. The initial value problem (2.1) has a solution (p, u, s) in the space X(0, T ) with some T ∈ (0, +∞]. We also omit the variable t of all functions in the proof of different lemmas in this section for simplicity.
In what follows, a series of lemmas on the energy estimates are given. Firstly, the energy estimate of lower order for (p, u) is obtained in the following lemma.
Lemma 4.1. There exists a constant D 1 > 0 suitably large which is independent of ǫ such that
for any 0 ≤ t ≤ T .
Proof: Multiplying (2.1) 1 -(2.1) 2 by p, u respectively and then integrating them over
The two terms on the right hand side of the above equation can be estimated as follows. Firstly, for the first term, it holds that
It follows from Lemma 3.3, Hölder's inequality and (2.2) that
Putting (4.4) into (4.3,) we arrive at
For the second term, we have
Similar to the proof of (4.5), it follows from Lemma 3.3, Hölder inequality and (2.2) that
where by (1.3) and (2.2), we have used the fact
Substituting (4.7) and (4.8) into (4.6), we obtain that the second term is bounded by
Hence combining (4.2), (4.5) and (4.9) yields
since ǫ > 0 is sufficiently small. Next we shall estimate ||∇p|| 2 . From (2.1) 2 , we have
By (2.1) 1 , the first term on the right hand side can be written as It follows from the definition of F that
(4.13)
Taking the same argument to estimate G, ∇p , we have
Using Cauchy-Schwarz inequality, we easily get
Since ǫ > 0 is small enough, putting (4.12), (4.13) (4.14) and (4.15) into (4.11) gives
Multiplying (4.10) by D 1 suitably large and adding it to (4.16), we finally deduce the lemma since ǫ > 0 is sufficiently small. This completes the proof of Lemma 4.1.
Our next goal is to deal the higher order estimate of (p, u).
Lemma 4.2. For any 0 ≤ t ≤ T , there exists a constant D 2 > 0 sufficiently large which is independent of ǫ, t and T such that 17) where H 1 (p, u) is equivalent to ||∇(p, u)(t)|| 
where I i , i = 1, 2 are the corresponding terms in the above equation which will be estimated as follows. Here and in the sequel proof, the repeated index denotes summation over the index.
Firstly, for I 1 , it holds that, 
which imply that 
Taking the same argument to deal I 2 , then there exists a function H 1 (p, u) which is equivalent to ||(∇p, ∇u)|| 2 2 and satisfies
By a direct computation, we have the estimate on ||∇∂ α x p|| for 1 ≤ |α| ≤ 2 as following
Since ǫ is sufficiently small, multiplying (4.22) by D 2 suitably large and adding it to (4.23) give (4.17). Thus we completes the proof of the lemma.
Finally, by symmetry and some tedious but straightforward calculation, we have the energy estimates on the entropy. 
The proof of global well-posedness
In this section, we are devoted to prove Proposition 2.2. We first consider a priori decay-in-time estimates on (∇p, u). This will be based on Proposition 3.1 about the decay estimates on the linearized system. The decay-in-time estimate on p can be derived by decay-in-time estimates on (∇p, u). Precisely, we have the following lemma.
Lemma 5.1. Let (p, u, s) be the solution of (2.1), then p satisfies the following inequality
for any 0 ≤ t ≤ T , where
Proof: From the Duhamel's principle and Proposition 3.1, we have
The nonlinear term (F, G) can be estimated as following Proof of Proposition 2.2. We do it by three steps.
Step 1: Since ǫ > 0 is sufficiently small, from Lemma 4.1 and Lemma 4.2, we have a function H 2 (p, u) which is equivalent to ||(p, u)|| for any 0 ≤ t ≤ T , which implies (2.3).
Step 2: Multiplying (2.1) 2 by u, integrating over R 3 and using Cauchy-Schwarz inequality, we have Adding ||∇p|| 2 to both sides of the above inequality gives
where D 3 is a positive constant independent of ǫ. Set M(t) = sup 0≤τ ≤t
(1 + τ ) for any 0 ≤ t ≤ T , which implies that
since ǫ > 0 is small enough. Thus we obtain (2.7) from (5.9) and (5.13).
